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1. Governing Equation
Starting from the statement of mass conservation:

2 2 2
oRE = 4%, 90, 2¢ oD 99D, 7C gRAc
ot OX OX Yoy * 07°

divide through by &

2 2 2
RE - vL4ip,2Csp 2% p, 2% Rac
ot OX OX oy oz

where: V = % = average linear ground-water velocity

Dividing through by R yields:

2 2 2
Lo v®yp 2, p 2, p it s
ot OX OX oy oz

where: v':%; D =—%; D=—: D=—

Initial and Boundary Conditions

e Initial conditions: c(x,y,z,0)=0.0

e Boundary conditions
c(0,y,z,t)=c,()[H(y+Yo)-H(Y-Yo)|[H(z-2)-H(z-2,)]
| (oo Y,z t)
[c(x,~»,2,t)=0
c(X,00,2,t) =0

6c
0,t)=0
82()( y: )

iii) Z: A
B,t)=0
8z(xy )

D:\ATRANS\Documentation\ATRANS Manual_Appendix_A.doc



| nterpretation of the inflow boundary conditions

Thefunction H (« — B) isthe Heaviside step function, defined as:

H(a_lg):oif a<p

-1 if a>p
H(a—p)
1 4
0 > o
p

The function c, (t) represent an arbitrary time-varying concentration history at the patch
on the inflow boundary.

cot) |
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2. Green’s Function: Solution for a Point Boundary
Condition of Time-Varying Concentration

The solution for ageneral time-varying boundary condition is derived using a Green's
function approach. The general solution is expressed as.

c(x,y,z,t):jG(x,y,z,t—r)co(r) dr

0

In the general formula, G represents the Green’ s function, which is the solution for a
pulse boundary condition..

The boundary condition for the Green’ s function solution is:
c(0,y,z,t)=c,(t)5(y-y")d(z-2")

1) Applying the Laplace transform w.r.t. time:

0 oc ot .o . 0T
C—C ~Z,0 vi—-D -D -D AC=0
[p M}r ox  ox* Yoy ‘o2

Substituting in the initial conditions:

- 2= 2= 2=
v T p 2C T p T, roo
OX OX oy 0z

E(w,y,z,p)zo
T(X,—,z,p)=0
C(x,00,2,p)=0
oc
—(x,y,0,p)=0
= (x¥.0.p)
oc

— ,B,p)=0
az(xy p)
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2) Applying the Fourier exponential transform w.r.t. y:

pc+v'?—D'Xa—g+ Dyafc—D;%Jr;tc:O
X z

The transformed boundary conditions are:

ol

0,,2,p)=C,(p)exp{-iayy'}5(z-2")

®,a,2,p)=

(x,,0,p) =

(
o

ol
RS

oc
E(X,C{, B, p) =

3) Applying the finite Fourier cosine transform w.r.t. z:

c - noc, . oc n2r? =
£ 24p,aie-D]| (-1 2(0)-Z(8)-" ¢ |+ 4c=0

p(;:+v @—D o
ox  Fox

Substituting in the boundary conditions:

= nr? = -
pC+V@—Da§+DalC+D =2 c+ic=0
OX OX B?

The transformed boundary conditions are:

o

(O.r,n, p) =Ty (p) expi—iay'} cos(n%z'j
(E:(oo,a,n, p)=0

4) The transformed governing equation can be written as:

o’c V' ac p =
~ 2 T~ AT =0
ox*> D, ox D,
2_2
where: P=p+A+D,a; +D, nBZ
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The general solution of the transformed governing equation is:

¢ = Aexp{r x}+Bexp{r'x|

1 1 2 1 |2
where: rizv—.i V— +£.= V.i ! V,+P
2D 2D,/ D, 2D, /b \4D,

X X

The coefficients A and B are evaluated by considering the boundary conditions.

a X—> 00!
Since the solution is bounded, we must have:

B=0

b. x=0:
The general solution reduces to:

O

= Aexp{r‘x}

Evaluating the boundary condition:

c(x,a,n, p)=Aexp{rx|

x=0

=C,(p)exp{-iay'} cos(n%zlj
A=C,(p)exp{-ia,y} cos[n%z'j

Therefore, the transformed solution is:

c=Cy(p)exp{-icx y'}cos(an'jexp ﬂ expy — VIZ, +P T X
° ! B 2D, 4D, JD,
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5) Applying the inverse Laplace transform:

12

1
oo 5 o{ 2 o] (257

The inverse Laplace transform is evaluated using the convolution theorem:
t
[T (p)-a(p)]=[ f(r)a(t-7)dr
0

Letting:

F(p)=G(p) > F(t)=co(t)

N

X

oo (1

The second inverse is evaluated using the shift theorem:

a(t)- exp{—|:[/1 +D,a +D, %}f 4\1/;; H Ll!exp{_‘/gﬁH

The inverse Laplace transform is given by Churchill (1972) A.2 #82:

L X - X2
L |-|= t 2expy———
[ 2,/7D, { 4Dxt}

X _§ ) Inzﬂz V|2 X2
t)= t 2expi—|| A+D.a?+D, — |t bexpd ——
9V 2,/7D, p{ H T T g ]+4Dx” p{ 4Dxt}
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Substituting into the convolution integral yields:

E=exp{—ialy'}cos(mzj { } j'c 2
2D, 21/7Z'D
12 2

-exps—|| A+ Dy} n” + (t—r)—.x— dr

B? 4D, 4D, (t-7)

6) Applying the inverse Fourier exponential transform:
E:Sj[q

3

5 . : COS(”EZJGXD{;;(.X}Sgl[exp{—ialy'}ico(t)(t—f)z

X

12 2
expl—| [ 14D+ 0. L Y fmr)-— X Lgs
B? 4DX 4D, (t-7)
Re-arranging the order of operations we can write:
) 3
c=_1% ,cos(rwZ )ex { }J'c (t-7) 2
2,/7D, B 2D,

o0 5ot
.3, | exp{-ieyy '} exp{-Djaf (t-7)} |dr

The inverse can be evaluated using the convol ution theorem:

s;[ﬂal)-g(al)]{f(:)g(y—:)d«f
Let:

(o) =expl{-ioy't > f(y)=06(y-Yy")
1

J(a)= exp{—afD'y (t —r)} —>g(y)= “D—\/Tr)exp{ﬁfr)}
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Therefore, theinverseis:

N S B ¢
L) "{ 4D;<t—r>}df

Noting the properties of the Dirac 6 function, the inverse reduces:

or—l[_]: 1 expq— (y_y.)Z
) Z,IﬂD'y (t—7) 4D, (t-7)
Finally, substituting into the solution for T yields:

t

-exp{—K/?, +D; %} 4‘1’;; }(t )25 ?:_T) _ Lfg;—(ty_');}dr

7) Applying the inverse Fourier cosine transform:
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The final form of the Green’ s function solution is obtained by recognizing that:

e B e R =

X

Collecting terms and simplifying:

C

47B,/D,D, o (t-7)
0 ' 2_2
-{1+ 2> cos[m—zj exp{— D, M2 (t- r)} COS(EH dr
o1 B B B
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3. Solution for a General Time-varying Patch Boundary
Condition

The patch boundary condition is derived by extending the Green’ s function solution from
—Yo to Yo, and from z; to z».

Z3 Yo
ie., c:j j Cs (X, y:y'z:z't)dy'dz’

i Yo
Substituting in the Green’ s function solution and re-arranging yields:

Z; Yo t

i B\/T[)yi UC
.exp{—l(t—r)_(xw(tr))z_ (yy');}

4D, (t-z) 4D, (t-

{1+2Zcos( ’éz jexp{—D;%(t—r)}cos(nB Hd dy'dz’

Re-arranging the order of integration:
(x-v' r))2
t—7)— .

47rBJDXDy'[ p{ At=r) 4D, (t-7)
Foml o =Y L f ( Z'J o ( j
_J;oexp{ D (t-7) y;{ 1+22cos - |ePi-D.—; (t-7)¢cos S| [dzde
Noting the following integrals:
. % (y-y) dv' D, 7| erf Y=Y | o Y+ Yo
i) J;Oexp{ 0 (t-7) y'=7 7| erfc oo r(t—r) erfc o r(t—r)

i) j {1+2Zcos( le)exp{—D;%(t—r)}cos( . ﬂdz

(a2 25 {725 o252 .

|
— | —
| |

T “5n

11
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Thefinal form of the solution becomes:

c—Ltc )t _expl-a(t-r _(x—v'(t—r))2
_4J;JH;£ o(?) (t_r)g p{ At=r) 4D, (t }

.| erfc {A} —erfc {&H
I ZJD;(t—T) ZJD;,(t—T)

(z,-7) 2&1]. (nzzzj : (nyzzlj (nyzz'] . n’z?
A2 2N 2 §n| =2 |-sin cos| —— |exp{-D, ——(t—7)} |d
5 tan B B g )P D (e Jdr
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4. Solution for Constant Inflow Concentration

A constant inflow concentration is defined as;

Substituting for C, (t) in the general solution yields:

[( 2o (g

ji { —(Xv.lé)z}[erfc{y yo}erfc{
Fo : 4Dz 2D,

Joo{ 5 ool o

y+

Nz
82

)|

e

The integral can be accelerated by scaling to the fou
1
Defining: =54
- f=r*and dé=47%dr
the limits of integration become:
£=0->7=0

1

E=tor=t*

rth power.

13
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Therefore, the solution can be rewritten as:

l

(x-v'e)
c=C,—— 4J' exp —Ar* ——T erfc

47,[) Or 4Dr

(15025 )

F

ol ool o0

—erfc

Y+

2,/D,7*

Yo
T
r‘}}dr

14
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5. Solution for an Arbitrary Inflow Concentration Defined
as a Set of Steps

Consider atime-varying inflow concentration defined as a set of NP steps.

1 23 4 566 78 9

Co(t) ¢

AcC,

Ac, I

v —— : — » time
(070) t4

Denoting t; as the starting time for the i"" step, and AC; as the concentration change at the
start of the i step, the inflow concentration history is defined as:

C, ()= ACH (t-t)

i=1

H () isthe Heaviside step function: ~ H(e) 4
H(t-U)=0if t<U T
-1 if t>U
0 >t

15
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Substituting for C, (t) in the solution for an arbitrary inflow concentration history:

t NP

X Ac.H(rm%exp{””) D7)

C:NN'?;{; (t—z):

Y=Y Y+ Yo (22_21)
| erfc{ ——=——"—erfc
{ {21/Dy(tz') {2\/D'y(tz')H( B
2& 1| . (nzz,) . (nzz nrz . n?z?
+— ) —|sin —-sin cos| — |expy—-D, ——(t— d
EZ,{(B (BH(BJ"{ZBZ(T) ’
Making use of the properties of the Heaviside function and re-arranging:

C_LNP t;ex CAlts _(X—V'(t—T))2
_Mﬁ;mii(t-f)? p{ Mg }

-{erfc{—y_y" —erfc{ Y+ Y H[(Zz_zl)
2/, (t-7) 2/, (t-7) B
+%g%{sin( ”7I;z2 —Sin( ”’;Zlﬂcos(%jexp{—q %(t —r)}jdr

Make a change of variables:

E=t—-1 — T=t-¢&
dr=-d¢&

T=t - E=t-t

7=t — =0
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Therefore the solution becomes:

| erfc { Zy\/i} —erfc { 2{/+Dy0§ }

25 ) 5 5o 55

Note:

If NP=1 and t® = 0.0, the solution collapses to the solution for a constant patch
concentration, with C, = AC, =C"

The integration can be accelerated by scaling the variable of integration to the 4™ power:

1
Let: 7=¢£¢
- &=7" ;dé=4r%dr
the limits of integration become:

§=O —>7=0
1
&=t-t —>T=('[—ti)Z

and the solution is written as;

1

AC, \ v
VR IE o
Lerte) Y=Yo | o) Y+ Yo ((22—21)

2 D;,z'4 2,/D;,z'4 B

Ee) 2_2
+EZ1 sin(mzz)—sinﬁ—nmlj cos(ﬂjexp -D, n;z b |dr
ran B B B B

C=

17
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6. Solution for an Exponentially Decaying Inflow
Concentration

An exponentially-decaying concentration is defined as: ¢, (t) = c,exp{—yt} , whereyis
the “ source decay constant” (units of T™).

Co(t) 4

Cy -

Co(t)=Coexp{-1t}

> {

Substituting for ¢, (t) in the solution for an arbitrary time-varying inflow concentration:

x icoexp{—w} 13exp{—/1(t—r)—(x4r;/l(:r))}

4\zD, (t-7)2

-{erfc VY —erfc{ Y+ Yo H{(Zz—zl)
2,/D, (t-7) 2,/D, (t-7) B

2& 1 . (nrz,) . (nzz nrz . n’z?
—>» =|gn —sin cos| — |exps—-D, ——(t-— d
+ﬂ§n[ (B (Bﬂ (Bj p{ gz (t7)( jde

.{erfc{&}erfc{ Y+ Yo H((Zzzl)
2/p,(t=7)] (2D te) |\ B

2& 1| . (nzz,) . (nzz nrz . n?z?
3= - D72 ) expl-D. 2% (t— 1) |d
+”§n{sn( 5 j sm( 3 ﬂcos( 3 jexp{ g7 (t—7)¢ |d7

18
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Rearranging, this can be written as:

(ot I
0

+Ezl{sin(n7;zz

r4En

Make a change of variables:

Define &=t-7

dr=-d¢&

the limits of integration become:

and the integral iswritten as:

. (N
—sm(

(x-v
i e"p{‘ 4D, (t—7)

Y+ ¥

Tl

erfc{ H[(Zzzl)
2,/D, (t-7) B

o5 05

+Ezl{sin(n”22j—sin(
T o N B

- erfc{ Y~ Yo }—erfc{ Yt
2 /D¢ 2
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Note:

Theintegral can be accelerated by scaling the variable of integration to the 4™ power.

1

Letting: r=¢£4
- &= dé=4r%r

the limits of integration become:

£=0->7=0
1
E=tor=t*

The solution iswritten as;

1

c=c,— exp{—yt}4t'fiexp—
0 72'D>'( 073

Jerfey Yo {_erfet Yo ((Zz_zl)
2D 2,/D,z* B

0 2_2
+EZ1 sin(mzzj—sin(%j cos(ﬂjexp -D, nz ot |dr
raan B B B B

x—v'z?)’
M-

X

Check:

The solution for a constant source concentration should be obtained if y =0.0.

Substituting for y = 0.0 yields:

x-v'z*) _
=G . ,4jiaexp —Mwﬁ“ erfc{—zyTi/;}erfc{zy_;j;}

_ - T 2_2
(z-z) 251 gn(—””zzj—gn(—””zlj cos(%jexp -D, e |dr
B T n:]_n B B n B B

as before.

20
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7. Solutions for Degenerate Cases

7.1.  2° Solutions

7.1.1. 2° Areal Transport

The solution for 2° areal transport is obtained by specifying that the patch along the
inflow boundary extends over the full thickness of the aquifer.

Z, =
Z,=

For z, =0 and z, = B, the general solution reduces to:

Ccho(f)%exp{—ﬂ(t—f)—(X4Dv-l(tT)) }

4 7D, o (t—7)2

2D (t—7) 2JD,(t-7)

a  Solution for a Constant Patch Concentration

21
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Letting £ =t -7, theintegral iswritten as:

i

X—=V'E)

B e

Herfc{ y_YO }
2/D¢

b. Dicretized Inflow Concentration History

ZAC j

D i=1 052

HrH il

ot

_V'éf)
4D, &

|

C. Exponentially-decaying Inflow Concentration

c=C,

o

(x—v'é)2

4D, &

+(7/—/1)§}
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7.1.2. 2° Cross-sectional Transport

The solution for 2° cross-sectional transport is obtained by specifying that patch is very

extensive along the transverse horizontal.

Yo > ®©

Noting the following limits:

erfc(—ow0)=2
erfc(0)=0

the general solution reduces to:

exp{—/l(t—r) : : } (-2)

- 2\/7[);.([00(1)

203
+_

3

’ (t—r)2
o e e e e

a Constant Patch Concentration

Substituting for ¢, (t) =c, inthe general solution yields:

2& 1| . (nrz,) . (nrzy nrz . n’r?
—» =|dgn —sin cos| — |exp<-D t— d
*;é;{(aj (BH(B)'O{ZBZ(T) !

Defining & =t -7, the solution can be written as:
j‘i 2 (X_V'é:)z ((22_21)
0 = 4D ¢ B

Sl (”’éz o5 el oot e o

SN
8
S|
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The integral can be evaluated by first splitting it into two parts:
I=1,+1,

where:

() Evaluating the first integral:

Il

_ (ZZ_Zl)j.iaexp{—(X_vl‘f)z

—.—ﬂé}d‘f
B ; 4D, &

Expanding and re-arranging the exponential term:

et} -eo {5 ep| {54 )

Defining:
I2
al=—~ 42
4D,
p? = X
4D,

24

D:\ATRANS\Documentation\ATRANS Manual_Appendix_A.doc



The integral becomes:

(2mz) I p L e B
I, = 5 exp 2D, J;ézexp a<é : d&

Theintegral isgivenin SH. Cho stable of integrals #2.9.5:

tl bZ
il —a%e-—_4
jgexp{acf 5}5

0 55
= %(exp{—Zab} erfc {% - a\/f} +exp{2abjerfc {% + a\/f}j

Substituting for a and b, 1; becomes:

gl 2o

1 1
12 2 12 2
erfc] X —(V—.+i] Jt i+ exp L(V .+1J

N

I2
-erfc X (V +;tj \ﬁ

' + '
2Dt (4D,

(i) Evaluating the second integral:
2¢1 (x-v'&) =1 . [nnzj : (I’V[Z]
l,=—|—=expi————-1 =|sin| —2% |-sin| —*
? nj 3 p{ 4D, & : Z;‘n B B

nrz . n%z?
-cos| — |exp<s—D d
(120,

25
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Re-arranging the orders of the summation and integration, collecting the
exponential terms and expanding, the exponential term becomes:

Xv' v . n°r? x?
} = exp]—— - exp{ | ——+A+D -
exp{-} exp{ZDx} exp{ (4D +A+D, = je‘ 4Dx§}

X

Defining:
2 2_2
a’ = .+/1+D;n—72
p? = X
4D;

The integral becomes:

2 XV' |1 . (nzz . (nrz nzz
l,=—exp{—-¢ ) —|sin| —% |-sin| —=* | |cos| —
C o p{ZDX}Z‘n{ (BJ (BH (Bj

t 1 b2

I—sap{—azf——}df

OSZE 5

Using theintegral given in S.H. Cho’ stable (#2.9.5) again, and defining:

2_2

v . n%z? |2
=| —+A+D,—
:un |:4D A BZ j|

X

and substituting for a and b, I, becomes:

= Zoof i 53 an( o[ e o 5

X
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Substituting for I, and I,:
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Simplifying:

b. Discretized Inflow Concentration History

1 (x=v'&)"|((2,-2)
ZAC — {/15— Y H 5

27Z'D|1 é;E

S e

Defining the integral as:

28
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The integral can be evaluated by first splitting it into two parts:
I=1,+1,

where:

exp{—;tf —M} d&

4D &

1 (X—V'f)2 1| . (nzz,) . (nzz,
l 2 ex"{‘”‘f T }EHF“(T)‘S”(TH

nrz . n°r?
-cos| — |expy—-D,——¢& ¢ d
(22
() Evaluating the first integral:

Z,-2)'F 1 _(x—v'f)2 ~
I 5 0 ég exp{ —4D>‘<§ ﬂé}dcf

Il
—_
—_—

Expanding and re-arranging the exponential term:

oo 5 oo 2k

Defining:
I2
al="_13
4D,
p? = X
4D,

Theintegral becomes:

(2.-2) {xv'}”il { : bZ}
I, = = exp]-a% -2 \d
exp [ Sexpi-a’ : &

2D, | 1 Iz
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Theintegral isgiven in SH. Cho'stable of integrals #2.9.5:

tJ:;—lgexp{ afg}dé—\/—[exp{ 2ab}erfc{\/tb_7ti—a\/t—7ti}

+exp{2ab} erfc{\/tb__t + aﬂ}}

Substituting for a and b, 1; becomes:

CEARWERNE

2D, | X

X

1 1
v 2 X v 2
| eXpy———=—| —=+4| rerfc ‘ —{ .+/1] t-t
Jo, (4Dx j 2,/D;(t-t) (4D,

1 1
12 2 12 2
+exp L(V—+ﬂj erfc ,X +( A +ﬁ,j t—t,
JD, | 4D, 2D, (t-t) \4D,

(i) Evaluating the second integral:

Re-arranging the orders of the summation and integration, collecting the
exponential terms and expanding, the exponential term becomes:

exp{f = exp{;[\;'} exp{—u['). +2+D zn i ]5—4[) 5}
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Defining:

Using the integral given in S.H. Cho’stable (#2.9.5) again, and defining:

1
V:2 -n27Z'2 2
= -+1+D
Hy LD 2 Bzi|

X

and substituting for a and b, 1, becomes:

1 o0 DI
|2=£exp Sul 21 Sin[nﬂz _sin| M4 | oog| NEZ |N7
7 "|2D. [Zh B B B ) x

31
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Assembling the final solution and simplifying:

1 xv' | & (z,-7,)
= Zexpi——+ Y AC, |22
o=go 50|

+exp{ﬁﬂn}erf0{rm+ﬂn t-1 }}

X n=1
X [ v? 2
pPy——F—= +/1j erfc , —(
{ \/Dx(4Dx 2,/D; (t-t,) (4D
1
12 2 1
+exp L[V ,+/1j erfc +(V
D, \ 4D, 2D, (t-t) \4D

c. Exponentially-decaying Inflow Concentration

General solution:

X

c=¢,

T

o N

nrz,
B

t
1
exp—ytt | —ex
N p{—t} [ exp
+Eil{sin(
n=1

0(;:5

-+

4D, &

{_(x—v'é)2

nﬂlﬂ cos[mj exp{—D; —
B B B
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I2
Alternative Solution Valid for v

>(7/—/1):

X

The solution can be re-written in an aternative form by splitting the integral into two

parts:

I=( j exp{ % (- z)g}d§+2—8 1
X 062

exp{-%w—w}gﬂsn(“f;ﬂ—sm(%ﬂ

and: j' 12 { T,X?)Jr(y—/l)g}

-1 [nﬁzz] . (WZ'Z
-Z— sin —sin
=N B B

(1) Evaluating the first integral:

I, :(22—zl)jisexp{—wﬂy—ﬂ)g}df
052

Expanding and re-arranging the exponential term:

el -eo {57} |15+ ga)
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Defining:

a?=_"_ —(y—-4) thisisavalid expression if a®> >0
4D,

p? =
4D;(

The integral becomes:

(2, 5)e| 2

o[ e we- s

Theintegral isgivenin SH. Cho'stable of integrals #2.9.5:

j'igexp{—azf—b—z}dg - \g(exp{ 2ab}erfc{%—a\ﬁ}

0 g2 ¢
+exp{2ab} erfc {% + a\ﬁ}J

Substituting for a and b, 1; becomes:

(2.~ )exp{ - }E

2D, X

Il

v 12 12

| exp _%[4[) ~(y- /1)) erfc z—ij_qu ~(y- )] N

ool i) ol i)

(i) Evaluating the second integral:

I, :Z;Z—Bjigexp{—wﬂy—;t)é}

4D &
o1, (nrz,) o (nrz nzz n’z*
S o oo 25

D:\ATRANS\Documentation\ATRANS Manual_Appendix_A.doc




Re-arranging the orders of the summation and integration, collecting the
exponential terms and expanding, the exponential term becomes:

exp (- = exp{le\;} exp{—u;; —(y-2)+D zn i J5_4D2§}

Defining:
v'*? . n?r?
a’=———(y-1)+D
4D, (r=2)+B. =5
p2 = X
4D)'(

The integral becomes:

2B V' | &1 . (nrz . (nrz nrz
I —_ —— _I _— 2 - 1
2= exp{ }nz_ln{sm( 5 j sm(—B HCOS(_B )

2D,

3
0 é‘:E
Using theintegral given in S.H. Cho’ stable (#2.9.5) again, and defining:

tl b2
il —a%e—_14
[ exp{aé 5}5

V2 2 ]2
””{4D;+(7_’1)+D2?}

and substituting for a and b, I, becomes:
1 0 D‘
I2=2—Bexp s zl Sin(nﬂZ)—sin(—nﬂlj cos(ﬂj e’
T 2D, 3N B B B X
| expy— X erfc ,u
Jo 2F ”
+exp L:un erfc L.-i_:un\/E
NG 2,/Dit
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Substituting for I, and I,:

X (22—21) xv' | 7D,
= A . -
c ; c,|I 5P 20

2 7zD;(

1 1
12 2 12 2
| exp —L.[V—.wij erfc L—[V .+ﬂ,] Jt
/DX 4D

1 1
x [ v? 2 X v 2
+exXpy—— -+ | perfc —‘+[ ,+/1j Jt
/DX (4DX j 2,/Dt 4D,

D:\ATRANS\Documentation\ATRANS Manual_Appendix_A.doc

36



Simplifying yields the final form of the solution:

+Ezl{sin(nﬂzj—sin(nﬂlﬂ coS
ar=gl B
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7.2.  1° Transport

The solution for 1° transport is obtained by specifying that the patch along the inflow
boundary both penetrates the aquifer completely, and is laterally extensive:

i.e.,

2,=0
z,=B
Yo —> ®©

For this case the general solution reduces to:

c=— X tc T ! expl-A(t—r _(X—V'(t—r))2 T
o p{ At-r) =g }d

a.  Constant Inflow Concentration

Substituting ¢, (t) = ¢, in the general solution yields:

C=C,— j 13exp{—/1(t—r)—(x4[;ll(tr)) }dr

. 7D, O(t—r)E

Defining £ =t -7, the solution iswritten as:

C=¢C, X _jigexp{—ﬂg—w}df

4D &

Expanding the exponential term in the integrand:

el :exp{—/if— x2_2xv'§+(v'§)z}

4D, &

A x? v*?
-oo{-35rfeo|az (i o
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Lettingg a“=——+1
4D,
p? = X
4D;

The solution is written as;

X 1 b?
C_C"m@(p{ 4D) }I;exp{?ag} :

Theintegral isgiven by S.H. Cho #2.9.5:

I = \g[exp{ 2ab}erfc{ﬁ—a\/_}+exp{2ab}erfc{w+a\/_}J

Substituting for a and b:

D' 2 2 2 \2 2 2
| = ”Xexp—i[ +)LJ erfci(X]—(V +/1]t
X /DX N t|\ 4D 4D,

1 1 1
X 2 2 ; x2 )2 2 2
+eX +A erfc{— + +A |t
p \[D X \/E Dx Dx

39
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12

. Y
Definin =
o 1 [m

2
_+ ;Lj , the solution becomes;

X

~
cee X exp{ XV }w/ﬁ .

°2/xD, 4D, | «x

b b

Simplifying:

1 XV
= COEGX'D{_E}

bbb

b. Discretized Inflow Concentration History

T ol (xove)

27Z'D 055

Making use of the integral:

e

0 g2
- %(exp{—Zab} erfc {% - a\/U}-F exp{2ab}erfc {%+ a\/U}]
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the solution becomes:

v 2
where: = D +A0.

X

c. Exponentially-decaying Inflow Concentration

° General solution:

c=cC exp{—yt}'[igexp{—%ﬂy—i)g}df
052 X

0 .
2\zD,

An aternative form of this situation is written by expanding the exponential termin
the integrand:

eol-Corliy e

B X 20y ey e ~
= exp{ Y +(y /1)5}

el XN ) X (VS
_eXp{ZD'X}eXp{ 4D ¢ [4D; (r l)jf}

41
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Alternative solution:

For the case of

Jz

= E(exp{—Zab} erfc{

12

oo

and the alternate solution can be written as:

}+exp{2ab} erfc{

VD' >y — A, we can make use of the integral:

%mw

CO
c=—"2ex
o0 -

+exp{ alal

JD,

i+ —

s

e

w}]

nE

T

&

where: = [

12

z\llD' (y’i)f

X

)
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